Introduction
In 1960 Z. Opial [5] proved the following remarkable inequality (1) Jjy(t)y' (t) |dt a -i^-Jjy (t)| 2 dt, where y(t) is absolutely continuous function defined on [a,b] with y(a)=0. Many alternative proofs of Opial's inequality were found and more general results were obtained (see [4] , pp. 154-162, [6] , [7] ). In 1968 Willett [10] obtained a generalization of the inequality (1), in the following form ( 2) J X |y(t)y (n) (t) |dt s J X |y (n) (t) | 2 dt, xe [a,b] , where [a,b] with y* 1 *(a)=0 for i=0,1,...,n-l and nsl. In [10] the inequality (2) is used to prove the uniqueness of the solutions of the initial-value problem for n-th order linear differential equations. Further results on some improvements and generalizations of the inequality (2) are given in [2] ,
The main object of the present paper is to establish some new inequalities involving integrals of functions and their derivatives which yield in the special cases, (1) and (2) with better constant. An application to prove the uniqueness of solutions of the initial-value problem for a certain class of higher order differential equation is also given.
Statement of results
For the sake of brevity, we introduce for the so called ( 9 ) contains (1) with n=l and provides a better constant than those given by Willett in (2) .
Theorem 2. Let p, g be positive constants satisfying p+q>l and r^, x be as in Theorem 1. Then (cf. (5) for x=y)
where Remark 2. If we take k=0 in (10), we get
with NQ=N for k=0 (cf.(ll)). Note that (12) is a further generalization of (7) for x=y.
Theorem 3. Let r., x be as in Theorem 1. Then integers, we see that the inequality (13) reduces to (1) .
Proofs of Theorem 1-3
Under the assumptions of Theorem 1, for any tel, we have
f* ds k+i r S)t+1 ds k+2 r " --n-i Ja r k+l< s k+l> Ja r k+2<W"Ja r n-l (s n-l> g ^
Osk<n-l. 
This completes the proof of Theorem 2.
By the hypotheses of Theorem 3, we have the inequality (2). Taking k=0,1,...,n-l in (15), we get 
